A NECESSARY AND SUFFICIENT CONDITION ON 
SCATTERING FOR THE REGULARLY HYPERBOLIC SYSTEMS 



TOKIO MATSUYAMAt AND MICHAEL RUZHANSKY* 

Abstract. The present paper is devoted to finding a necessary and sufficient con- 
s ! ■ dition on the occurence of scattering for the regularly hyperbolic systems with 

time-dependent coefficients whose time-derivatives are in L 1 (R). More precisely, it 
will be shown that the solutions are asymptotically free if the coefficients are stable 
in the sense of the Riemann integrability on R (R-stability) as t — > ±00, while each 
nontrivial solution is never asymptotically free provided that the coefficients are not 
\ R-stable as t — > ±00. As a by-product, the scattering operator can be constructed. 

It is expected that the results obtained in the present paper would be brought into 
the study of the asymptotic behaviour of Kirchhoff systems. 
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1. Introduction. 

In this paper we shall give some results on the asymptotic behaviour for the Cauchy 
problem of the regularly hyperbolic systems with time-dependent coefficients. These 
results would provide a good information on the study of the asymptotic behaviours 
for Kirchhoff systems. In [5] the first author gave the sufficient condition on the 
existence of scattering states for the wave equations, and found the special data for the 
nonexistence of scattering states. More precisely, there exists a solution u = u(t,x) 
of the Cauchy problem to the strictly hyperbolic equation of second order of the form 
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d 2 t u - c(t) 2 Au = 

such that u is never asymptotically free, where we assume that c(t) satisfies 
infc(t)>0, d(t) 6 LHR), lim cit) = c ±00 > 0, 

cit) — c±oo is not integrable on (0, +00) ((—00, 0) resp.). 

On the contrary, if c(t) is stable, i.e., c(t) — c±oo is integrable on (0, +00) ((— 00, 0) 
resp.), then any solution u is asymptotically free. As for the strictly hyperbolic 
equations of second order for "bounded domains," the similar result was obtained in 
[]]. It should be noted that the results of [5] are applied to deduce the nonexistence 
of scattering states for the Kirchhoff equation (see [5]). In this sense the behaviour of 
c(t) — c±oo affects the development of the scattering theory for wave equations with 
time-dependent coefficients as well as for the Kirchhoff equation. 

The first order systems often appear in the analysis of equations of orders larger 
than two and in the analysis of coupled equations of second order (see examples 11.41 - 
II .51 below). In the present paper we will find the necessary and sufficient condition on 
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the occurrence of scattering for the regularly hyperbolic system with time-dependent 
coefficients, which extends the results of We will also construct the wave operators 
and scattering operators by using the asymptotic integrations method, which were 
developed in [7J. In hyperbolic systems we will impose a stability condition on the 
characteristic roots of the symbol of the differential operator. 

Apart from the scattering problem, the dispersion for hyperbolic systems is also 
of great interest. Large hyperbolic systems appear in many applications, for ex- 
ample the Grad systems of gas dynamics, hyperbolic systems in the Hermite-Grad 
decomposition of the Fokker-Planck equation, etc. Thus, for general hyperbolic equa- 
tions and systems with constant coefficients a comprehensive analysis of dispersive 
and Strichartz estimates was carried out in [TU]. The dispersion for scalar equations 
based on the asymptotic integration method was analysed by the authors in [7J, moti- 
vated by the higher order Kirchhoff equations. The dispersion for hyperbolic systems 
with time-dependent coefficients will be discussed in [8] and will appear elsewhere, 
as well as the applications of the obtained results to the Kirchhoff systems. 



To be more precise, let us consider the Cauchy problem 

(1.1) D t U = A{t, D X )U with D t = -id t and D x . = -id x . {j = 1, . . . , n), 
i = a/— 1, for t ^ 0, with Cauchy data 

(1.2) U(0, x) = T (/ (x), . . . , / m _i(x)) G (L 2 (R n )) m . 



The operator A(t, D x ) is the first order m x m pseudo-differentiaO system, with 
symbol A(t, £) of the form A(t, £) = C)}^=i5 where we assume that a^- (t, £) are 

positively homogeneous of order one in £, ay(i, A£) = Xaij(t, £) for A > 0, £ G M n \0, 
and satisfy 

(1.3) G Lip loc (R), and ^(-,0 G L^R) for z, j = 1, . . . ,m. 

We will also assume that the symbol A(t,£) satisfies the regularly hyperbolic condition 
in the sense of Mizohata ([§]): 

(1.4) det(r/ — A(t, £)) = has (in r) real and distinct roots <fi(t, £),... , <f m (t, £), 
i.e., 

(1.5) inf \<p j (t,t)-<p k (jt,Z)\=d>0. 

teR,\^\=l,j^k 

Notice that each characteristic root (pj(t,£) is positively homogeneous of order one 
in £. The assumption (11.31) assures the existence of the limiting functions ai(£)> 
i, j = 1, . . . ,m, such that 

(1.6) %(t,e)^aj(0 (t^ioo), 

and we can expect that the solution U (t, x) of (jl.lB — A1.2D is asymptotic to some 
solution of the following hyperbolic system with constant coefficients as t — > ±oo: 

(1.7) D t V = A ± (D x )V, 

where A±(D X ) is the m x m first order pseudo-differential system, with symbol 
A±(£) = {«ij(0}ij=i- Since the characteristic roots depend continuously on the 



We note that it is important to allow to be pseudo-differential here since we want the results 
to hold for scalar higher order equations as well, e.g. see Example 11.51 
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coefficients, it follows from fll.3p -f TTT6]) that the operator D t — A±(D X ) is regularly 
hyperbolic. This is because it will be shown in Proposition 12 . 1 1 below that there exists 
the limiting phases °f fji^i £) for j = 1, . . . , m: 

lim <fj(t,0 = <ff(Q, j = l,...,m. 
Hence by using (11. 5p . we have also 

(1-8) inf >±(0-^(0l = ^>0. 

We are now in a position to state our results. For this purpose, we recall the 
notion of scattering states. We say that the solution U{t,x) of D t U = A(t,D x )U 
is asymptotically free in (L 2 (R")) m , if it is asymptotic to some solution V±(t, x) of 
D t V = A ± (D x )V, i.e., 

\\U(t, ■) - V±(t, ^0 (t -> ±oo). 

We shall prove here the following theorem which gives a necessary and sufficient 
condition on the existence of scattering states. 

Theorem 1.1. Assume fll.3p - fll.5p . Then the integrabililty condition on (pj(t,£) — 
iff (£) is necessary and sufficient for the asymptotically free property for (jl.ip - fll.2D . 
More precisely, the following assertions hold: 

i) If ipj(t, £) — ipj (£) (j = l,...,m) are integrable on (0, +oo) (resp. (— oo,0)), i.e., 
ine functions 

(1.9) ^ ± (t,0= [ {Vj(s,0-^f(0) ds, j = l,...,m, 

Jo 

nave £ne finite limits for each £ ^ as t ±oo, inen eaca solution U(t,x) G 
C(R; (L 2 (R n )) m ) o/ ffTTjl -fOl) zs asymptotically free in (L 2 (R n )) m . 
Moreover, the mapping {the inverse of the wave operators W±) 



: 17(0) ^ 14(0) 



is well-defined and bounded on (L 2 (W a )) m . 
ii) Ifi>j,±{t,i) satisfy 

(1.10) lim |^ i± (t,OI = +oo, ^0, j = l,...,m, 

t— >±oo 

then each non-trivial solution U(t,x) G C(R; (L 2 (R n )) m ) o/ (TT7TT) -f fL2l) zs newer 
asymptotically free in (L 2 (R n ))' m . 

We note that condition (11 .9 j) is stronger than fll.6p . thus indeed specifying a subset 
of systems. There are different sufficient criteria for (j 1.9ft to hold. For example, for 
G C^K), if for all |f | = 1 we have 

t(^(t,0-#(0) = °(l)as*->±oo, andt^-(t,0 G ^(R), j = l,...,m, 

then (jl.9p follows. Indeed, in this case we have ipj(-,C) £ C 1 (R) for all j, and the 
statement follows from the trivial identity 
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Thus, under the assumption t(ij)j(t,£) — ipj(£)) = o(l) as t — > ±00, condition fll.9p 
is equivalent to tip'At,£) e L 1 (M),j = 1, 



, m. 



Next we state the results on the existence of wave operators. Let us consider the 
Cauchy problem for the regularly hyperbolic system with constant coefficients 

(f.fl) D t V± = A±(D X )V±, xeR n , ±t>0, 

with Cauchy data 

(1.12) V ± (0,x) = T (f±(x),...J±_ 1 (x)), 

where A±(D X ) is the pseudo-differential operator with symbol {a^(£)}^™- =1 . We will 
assume that the characteristic roots </?i (£), • • • , VmCO °f ^ ne °P era t° r D t — A±(D X ) 
are real and distinct, i.e., 

(1.13) det(rJ - At(0) = (r - ^(fl) • • • (t - <^(£)), 

(1-14) inf 1^(0-^(01 = d>«. 

Then the following theorem assures the existence of wave operators. 

Theorem 1.2. Assume fll.13p - fll.14l) . Suppose that a>ij(t,£) are positively homoge- 
neous of order one in and satisfy (11.31) in such a way that 

oy(*>0 -> °J-(0 / or att i,j (t -> ±00). 
Lei <£>i (£,£),... , ipm{t,£) be the characteristic roots of the regularly hyperbolic operator 
D t — A(t, D x ) , with symbol A(t,£) = {o-ij{t,0}ij=i- Assume that 

<Pj(t,£) — <pf(£) is integrable on (0, +00) (resp. (— 00, 0)) for each £ 7^ 0. 

Then for any solution V±(t,x) G C(R; (L 2 (R n )) m ) 0/ (jTTT|> (TTTT2D . t/iere exzsfo a 
urague solution U(t,x) G C(R; (L 2 (R n )) m ) o/ZW = A(t,D x )U such that 

\\V±(t) - U(t)\\ (L 2 (K n )r ^ (t -)• ±00). 

Moreover, the mapping (wave operator) 

W± : 14(0) h> 17(0) 
is well-defined and bounded on (L 2 (R")) m . 

As a consequence of Theorems I1.1H1.21 we can construct the scattering operators. 
More precisely, we have: 

Corollary 1.3. Assume that a£(£) = Q^-(C) hold for i,j = l,...,m m Theorems 
\1.M1.2L Then the mapping 

S = W+ X W_ : y_(0) 1 — y V+{0) 
defines the scattering operator, and it is bijective and bounded on (L 2 (R")) m . 

Finally, let us look at some examples to which our theorems can be applied. We 
note that although the equations may be of high order, it is important that we impose 
conditions only on one time-derivative of the coefficients. This is of crucial importance 
to being able to apply the obtained results to the Kirchhoff equations. 

Our first example deals with higher order scalar equations. 
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Example 1.4. Consider the Cauchy problem to the m th order strictly hyperbolic 
equation 

L(t,D t ,D x )u = D r t n u + a, Utj (t)D»Diu = 0, t + 0, 

\v\+j=m 

j<m—l 

with Cauchy data 

D^u(x,0) = fk(x) G H m ~ 1 ~ k (M n ), fc = 0,l,--- ,m-l, iGl", 

where D t = -id t and D v x = (-id Xl ) Ul ■ ■ ■ {-id Xn ) Vn , i = for v = ...,v n ). 

We assume that a„j(t) belong to Lip loc (M) and satisfy 

Q>'„ j(t) € for all and k — 1, . . . , m — 1, 

and the symbol L(t, r, £) of the operator L(t, D t , D x ) has real roots (pi(t,£), . . . , (p m (t, £) 
which are uniformly distinct for £ ^ 0, i.e., 

L(T,S) = (T-<p 1 (t,$))--'{T-<p m {t,£)), 

inf \ip j (t,O-Mt,O\ = d>0. 



TTie reference equation is 



\v\+j=m 

j<m—l 



m—l/TQ>n\ 



X 



x L 



2/TnmN 



wzt/i a^ - = lim^-i-oo a^j{t), and the energy space is H 

The following example deals with coupled second order equations. 
Example 1.5. Let us consider the Cauchy problem 

d 2 t u - ci(t) 2 Aw + Px(t, Z^)*; = 0, 

d 2 t v - c 2 (t) 2 Av + P 2 (t, D x )u = 0, 

for some second order homogeneous polynomials Pi(t, D x ), P 2 (t, D x ) which may de- 
pend on time, where we assume that 

c k (t),P k (t,Z)eU Ploc (R), J k (t),P' k (t,Z)eL 1 (R), (k = 1,2), eer, 

inf ((c 1 (t) 2 -c 2 (t) 2 ) 2 + 4P 1 (t,OP 2 (t,0) >0, 

t6K,|5|— 1 

inf (c 1 (t) 2 c 2 (t) 2 -P 1 (t,OP2(t,0) >0. 
teR,|£|=i 

5?/ taking the Fourier transform in the space variables and introducing the vector 

v(t, = T M*, $Mt, Z)Mt, Z)Mt, 0) = T (l», 0, «U 0, l», 0, 0) 

we obtain the system 

( \ 

ov iCl {tY\i\ o iPi^oier 1 o 

dt o o o 

{ip^m- 1 o ic 2 (t) 2 iei o y 

=iA(t,£)V. 



V 
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The four characteristic roots of det(r/ — A(t,£)) — in r are given by 

^, W (U) = ±^>/ci(t)2 + c 2 (ty ± vW"- C2(*)2)2 + 4P 1 (t,0P 2 (t,0ie|- 4 - 

TTie reference system is 

d 2 u± - c 2 h± Au ± + Pi,±(D t )v± = 0, 

d 2 t v± - 4±Av± + P 2 ,±(A>± = 0, 

wi/i t/ie limits c k ,± = lim^-too Cfc(i), Pfc,±(£) = ^ m t^±oo -Pfc(£, /or k = 1,2, and the 
energy space is (if 1 (R n ) x L 2 (M. n )) 2 . 

We conclude this section by stating our plan. In §2 we will find the representation 
formulae for (11.10 — (|1.2j) . The proof of Theorem ll.il will be given in §3 and §4. In the 
last section we will prove Theorem 11.21 



2. Representation formulae via asymptotic integrations 

In this section we will derive the representation formulae for (11. ip along the method 
of [7]. Let us first analyse certain basic properties of characteristic roots <Pk(t,£) 
of ( II. 4p . The first part of the following statement was established in [8J. For the 
completeness, we will give the proof. 

Proposition 2.1. Let the operator D t — A(t,D x ) satisfy the properties (jl.4p - (jl.5p . 

Then each d t (fik{t, £), k — 1, . . . , m, is homogeneous of order one in and there exist 
a constant C > such that 



(2.1) 



\dt<Ph(t,€)\<C\£\ for all £ 6i n , t G R, k = l,...,m. 



Moreover, if d t ciij(-,£) G L 1 (IR) for all (Gl" and i,j = 1, . . . ,m, then we have also 
dt<Pk(-,0 e -^ 1 (R) for all!; G IR n . Furthermore, there exist functions (p^ G C°°(IR n \0), 
homogeneous of order one, such that 



(2.2) 



¥> fc (t,0 ->• ^(0 



as £ — >■ ±oo, 



/or a// £ G MJ 1 , and k = 1, . . . ,m. Finally, we have the following formula for the 
derivatives of characteristic roots: 



(2.3) dt<p k (t, o = - d t a ^(t, OMt, j II - vr{t, 0) 1 

j=0 r+k 



where 



( - 



a k (t,0 = (-l) k 2^ det 

ii<i2<— <ik 



r=l 



r=l 



r=l 



r=l 
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Proof. Let us show first that <fk{t,£) is bounded with respect to t G R, i.e., 

(2.4) \Mt;0\ <C\£\, for allf G R n , t G R, fc = l,...,m. 

We will use the fact that are roots of the polynomial L(i, r, £) = det(r/ — 

A(t,0) of the form L(t,r,£) = r m + o:i(t, £)t ot-1 + ■■■ + a m (t,l) with |ay(t,OI < 
M|£p, for some M > 1. Suppose that one of its roots r satisfies \r(t, £)| > 2M|£|. 
Then 

iL(t,T,e)i>irrfi 



l«i(t,OI 




r 


| T |m J 


1 1 


1 


2 4M 


2 m M m ~ 



> 2M\e\ m 1 r > 0, 

~~ 11 \ 2 AM 2 m M m - 1 ' 

hence |r(t,f)| < 2Af|^| for all £ G R n . Thus we establish fl2T4j) . 
Differentiating (jl.4p with respect to £, we get 

j=0 fc=l rj^k 

Setting t = (pk{t,£), we obtain 

(2.5) d t Mt;Ol[(Mt,0-Mt,0) = - dtam^OMt^Y, 

r^k \u\+j=m 

implying (12. 3ft . Now, using ( II .51) . (12.4ft . and the assumption that d t aij(-,£) G /^(Rt) 
for all j, we conclude that (O) holds and %> fc (-,0 G L X (R) for all £ G R n and 
k = 1, . . . , rn. The homogeneity of order one of d t fe(t,^) is an immediate consequence 
of (12. 5p and its derivatives. 

Finally, setting <^(£) = <Pfc(0,£) + / ±o ° d t tpk{t, £) dt, we get (J22J). The proof is 
complete. □ 

We prepare the next lemma. 

Lemma 2.2 ([§] Proposition 6.4). Assume (jl.3p - (jl.5p . T/ien t/iere exists a matrix 
jV = jy(t,£) of homogeneous degree in £ satisfying the following properties: 

(i) JK(t, £)A(t, = £)^(t, 0, ^ ere 

^(t, o = diag (^(t, e/iei), • • • , v m (t, e/iei)) ; 

(ii) inf |det«yK(t,0)l >0; 

£eK n \o,teK 



(iii) ^(t,0 fee/onc/s to Lip loc f R t ; (C°°(R£ \ 0)) m j and 

d t ^y(t,^) G (L 1 (R)) m2 for each £ ^ 0. 

Applying the Fourier transform on R™, we get the following ordinary differential 
system from (II. ip : 

(2.6) D t V = A(t,£/\m\V. 



We find the asymptotic integration of (12.61) following Ascoli j2] and Wintner [IT] , 
cf. Hartman [4j|. Multiplying (I2.6P by = jY(t,£) equations from Lemma [2.21 and 
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putting jVV = W, we get 

(2.7) D t W = @\£\W + {D t jV)V = + (Dt^yV- 1 ) W, 

since jV A(t, = ®^ by Lemma f2T2l We can expect that the solutions of (12.7p 

are asymptotic to some solution of 

(2.8) D t y = ®\£\y. 
Let be the fundamental matrix of (I2.8p . i.e., 

$(t,0 = diag ^/oVi(^)^ ; . . . je </ *iPm(*,0^ . 

If we perform the Wronskian transform a(t,0 = $(£, ^)~ l W{t, £), then the system 
(12. 7p reduces to the system D t a = C(t,£)a, where C(i, is given by 

c(u) = o _1 (A^(t, 0)^,0^, 0- 

We note that C(-,0 G (L^R))™ 2 , since D t jV{-^) E {L\R)) m2 by Lemma Hence 
Ao(-,0 G (L^R))" 1 ; thus there exist the limits 

lim o(t,0 =a±(0- 

t— >-±oo 

Since W(t,0 = $(U)a(t,0 and ^(UMU) = we get 

^,0 = ^,0^,0^,0- 
Now let (Vo(t, 0, • • • , Kn-i(*) 0) be the fundamental matrix of (|2.6p . This means, 
in particular, that (Vo(0, 0, • • • , Kn-i(0, 0) = ^- Then each Vj(t, can be repre- 
sented by 

^,0 = ^,0^(^)^,0, 

where a J (t,0 are the corresponding amplitude functions to Vj(t,£). Since U(t,£) = 
EJTo 1 V/l'-Oi^O- we arrive at 

m— 1 

i=o 

Finally, let us find the estimates of the amplitude functions a 3 '(t, £). Recalling that 
o- 5 (t, £ ) satisfy the problem 

IV = C(t,0a J with (a°(0,O, • • • ,0^(0,0) = -^(0,0, 
we can write aP(t,£) by the Picard series: 

a>(t, Z)=( I + i J C ^ dn + i 2 C( n , drt J 1 C(t 2 , f ) dr 2 + • • • ) a J (0, 0- 
This implies that 

\a j (t,£)\ < e c /Bll*^( a »Olli.«»(R»)<i»| fl i(o,^)|, 
where we have used the following: 

Fact. Let f(t) be a continuous function on R. Then 

e£/M*- = l+ r /(r 1 )dr 1 + f f{n)dT X P /(r 2 ) dr 2 + • • • . 
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Summarising the above argument, we obtain 

Proposition 2.3. Assume (11.31) - (11.51) . Let JV (t,£) be the diagonaliser of A(t,£/|£|) 
constructed in Lemma \2.2[ Then there exist vector-valued functions a^(t,C,), j = 
0, 1, . . . , m — 1, determined by the initial value problem 

D t a j (t,0 = C(t,0a j (t,0, (^(CO,--- ,a m (0,O) =^(0,O, 

with c(t,0 = sftO-^A^ftO^frO" 1 ^) e (L'O&t))™ 2 , 

such that the solution U(t, x) of (11.11) is represented by 

(2.9) u(t, x) = y, ^ X [^(t, cr x Ht, oa j (t, om) 

j=0 

Moreover, the limits 

lim a J (t,0=«i(0, j = 0,l,...,m-l, 

t— >±oo 

exist, and there exists a constant c > such that 

\a J (t,£)\ < c, j = 0,1,..., m- 1, 

/or allt Gl and£ G M n . 

Proposition 12.31 is known as Levinson's lemma (see Coddington and Levinson [3]) 
in the theory of ordinary differential equations; the new feature here is the additional 
dependence on £, which is crucial for our analysis. 

3. Proof of Theorem 11.11 (i). 

By our assumption that <fj(t; £) — <pf(£), j = 1, • • • , m, are integrable on (0, +oo) 
((—oo,0) resp.), we can define functions Qf(£) to be 

/■zfcoo 

Jo 

Put 

Then we can write 

Jo Jt 
Therefore, we have 

jfinMds = e i(^(€)*+e±( € )) +e i(^(€)*+e J ± (€)) ^ exp f-ij^^fids} - l) 

(3.1) = e<^ t+e ^) £), 

with 



Putting 



$±(t, = diag ■ ■ • , e ^ (?) *) , 
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D ± (0=diag(e ie ^---,e ie ™«> 
*(*,£) =diag(^ 1 (t;0,--- ,*m(*;0), 

we can write (13. ip as 

(3.2) $(t, = $±(t, £)I> ± (*, + 

(3.3) *(t,O^0 (t-)-±oo). 
Plugging this identity into f]2. 9f) from Proposition 12.31 we have 



m—l 



3=0 
m—l 



X 



u(t, X ) = J2^ [^(o^^ODiiOotuom) 

3=0 
m—l 

+ E^ 1 [(^(*.o _1 -^±(0 _1 ) s±(u)At(e)o4(e)£(0 

i=o 

m—l 

+ £ j?- 1 [^(O-^iCt.O^iCO -o4(0) £(0 

x), t ^ 0. 



3=0 

It can be readily checked that 

m—l 

(3.4) V ± (t,x) = J^^- 1 [^ ± (0^±(t,0D±(0<(0m)] {x) 

3=0 

satisfy the equation (11.71) . Thus we conclude that 

\\U(;t) - V ± (;t)\\ {L 2 {Rn) y n ^ (t -> ±oo), 

if we use (I3.3P and the following convergence: 

As a conclusion, U(x,t) is asymptotically free. Moreover, the mapping 

m—l 

: 1/(0) h. \4(o) = ^T^- 1 [^(er^RtOikO 

3=0 

is bijective and bounded on (L 2 (IR n )) m . Theorem ll.il (i) is thus proved 

4. Proof of Theorem 11.11 (n). 
We recall from (PUD and flUD that 

m—l 



3=0 
m—l 

v±(t,o = x;^(o-^±(*,o^±(e)a4(oS(0- 
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Thus the proof of Theorem 11.11 (ii) is reduced to the the next lemma provided that 
(/o(ar), • • • , f m -i(x)) are non-trivial. 

Lemma 4.1. Let (pj(t,£) and (pf(£), j — 1, • • • , m, be the phase functions as in (jl.5p 
and (11.81) . respectively. Suppose that 



(4.i; 



\M t >S)-<pt(£) t \->+ 00 (*->±°°), 



where^(t } = f* ^(s,® ds. LetAjfa&Bfat) G C(R; L 2 (R")) for j = 1, 
1, satisfying 

A,(t,O^Af(0, B^O^BfiO for each eel" (f->±oo), 
witfi some A^(0,^(0 G L 2 (M n ). T/ien we /iave 



m- 



L 2 (R") 



m 

EOl^^ll^ + II^COIlV: 

.i=i 



1/2 



as t —> ±oo. 
Proof. Putting 



m 

K ± (t,0 = {Mt'fa"'™ - Bj&Oe^} , 



3=1 



we can write 
(4.2) 

where 



\K±(t,£)\ 2 = (\Mt,0\ 2 + \Bj{t,Z)\ 2 ) + Reif±(i,£), 

3=1 



H±(t, = 2 {e^^-^'^Mt, £)A k (t, + M^-^^B^t, t)B k {t, £) 



j<k 



-2j2e i{Mt '^ m A j (t,C)B j (t,C) -2^e^M-^ j (U)5 fc (f,0. 
i=i i<fc 

We can check that all the phases in H±(t,£) are unbounded in i. Indeed, it follows 
from dUSD and flTBD that if j < fc, then 



(4.3) \Mt,0-Mt>0\ 



/ (^(s,0 - <fk(s,0) ds > d\£\\t\ -t +oo, 
Jo 



(4.4) 



^(0*-^(0*l>d|eiM-> + 



oo, 



as t — > ±oo. Since (pj(t,£) — >■ as t — >■ ±oo by Proposition 12.11 it follows that 

for any £ > there exists a number T > such that 

Ms 5 0-P*(OI>(d-e)l£l, l s l> T ' ^0, 
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hence, 
(4.5) 
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1^0-^(0*1 



> 



T 



> (d-e)\t-T\\£\- [ fe(s,0-^(e)) ds ^+oo (t->±oo). 

Jo 

Now, we note a lemma on oscillatory integrals: 
Fact A. If (f)(t) ±oo (t -> ±oo), then 

f e ^ WI?l $(0 d£ -)• 0, (t -> ±oo), for $ G 



□ 



Thus we have, by Fact A and (fl~I ]) -(fl~5 ]L 

/ H±(t,0d£^0 (t->±oo). 

In conclusion, we have 

» m— 1 « 

/ \K ± (t,0\ 2 d(^J2 (\ A t(0\ 2 +\Bf(0\ 2 )d£ (t->±oo). 

The proof of Lemma 14.11 is complete. 

5. Proof of Theorem 11.21 
Let V± = V±(t,x) be the solution to the Cauchy problem 
D t V± = A±(D X )V±, x G M n , ±t > 

with Cauchy data 

V ± (0,x)= T (f ± (x),...J±_ 1 (x)). 
Let *jV±(£) be the diagonaliser of the symbol -<4±(£/|£|), i- e -> 

= 9±{t/\t\)-*±{t), 

where we put 

^ ± (0=diag(^(0,---,^(0)- 

Denoting 

$±(t, = diag (e**^®*, ■ ■ • , e^ (€) *) , 
and by e°, . . . ,e m_1 the standard unit vectors in IR m , we can write 

m— 1 
3=0 

In the first step, we will find the asymptotic integration for D t U (t,£) = A(t,£)U(t,£), 
such that U(t,£) is asymptotic to V±(£, £) as £ — > ±oo. 
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We prove the following: 

Proposition 5.1. Assume (I1.13l) - (ll.l4p . LetjV{t,0) he the diagonaliser of A(t,£/\£\) 
from Lemma \2.Sl and put 



$(t,0 = diag (V-/oV • • • , e */<W^) 



Then there exist a fundamental matrix W±(t,£) of D t U(t,£) = A(t,£)U(t,£) such 
that 

w±(t, o = jf(t, o -1 ^*, o(i + R±(t, o) with 

R±(t,£)->0 (t->-±oo). 

Proof. We prove the case "— ", since the case "+" is the same as "— ". The idea 
of proof comes from [3J. Let cpi(t, £), . . . ,<p m (t,£) be the characteristic roots of the 
operator D t — A(t,D x ). We define a matrix C_(t, £) as 

(5.1) c7_(t,o = *{t,t)-\Dtjr(!t,t)Wt, o-^(*,0- 

Let £_ be a set of all cr G R such that aL (t , £; cr) , j = 0, . . . , m — 1, are solutions of 
the problem 

ZVl(i, £; a) = C_(t, £)aL(t, 6 <r), ai{a, £; a) = e>'. 
Hence a J _(t,£,; a) can be written as the Picard series: 

+* 2 jf C_(n, drx ^ C_(r 2 , dr 2 + • • e 1 

for all t G R, cr G £_ and (6l n Then we can estimate 

(5.2) \a 3 (£, £;cr)| < e^ R H -^)!^ 00 ^™) ds < e c /Rps^( s >0lli°° 
Put 

Wi(t, £; a) = ^(*, (t, 6 
Then we see from (15.1 1) that each WL(t,£; a) satisfies the following equation: 

D t WUU]<T) = A(t,Z)WL(t,b<r)- 

It follows from (15.21) that a 3 _(t, £; cr) exist for all t G R, j = 0, . . . , m — 1 and a G 
and hence, we can estimate 

||Aai(t,£;a)|| < ||C_(t,OIIII«i(^e^)ll <c ie c /«ll^^)ll-("")*||^(t,OII- 
Since d t tyV(-,£) G -^ 1 (M), these estimates imply that, for |t| < |cr|, cr G E_, 

/ d t a-(T,&a)dT 

J a 



(5.3) \\a 3 _(t,^a)-e 3 



< Cie c/ H l|8r^(T,0Hioo (H » ) cfr / \\d s ^( S ,0\\ds 



'\t\ 
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In particular, the family {a J _(t,£; <r)} ae s_ is uniformly bounded in 0, £ and equicon- 
tinuous on every bounded t-interval. Hence there exists a sequence {<Je}iLi of S_ 
such that 

1 01 1 < | (72 1 < • • • , \o~e\ — > oo (£ — 7- oo), 

and the limits 

«-(*,0 = lim a-(t,£,;cri) 
exist uniformly in £ on every bounded t-interval. Moreover, the limits 
WL{t,() = lim WL(t,t;<j e ) = Jffad-^t&aL&Z) 

also exist. Hence a 3 _(t,£) are the solutions of D t a 3 _(t,£) = C_(t, £)a 3 _(t, £), and 
Wi(*,0 are the solutions of AW"£(*,£) = A(t, 0W-(*>0- Putting = 0^ in fO]) . 
and letting £ — >■ 00, with i fixed, we see that 

(5.4) ||«i(t,0 -e^'H < c^^Klls^^Olk-cRn)^ I \\Q sJ y( s ^)\\ ds 

J —00 

for all t G R. The uniqueness of each a 3 _(t,^) is obvious. 
Now we can write, by putting ri(£, £) = a 3 (t,£) — e j , 

(5.5) Wi(t,0 = ^(t,0'Mt,0(e j +rUt,0), 
where r 3 _ (t, £) is uniform in £ and satisfies 

(5.6) ri(t,O-»0 (t-»-oo) 

on account of (J53D- It remains to prove that f) = (W±(t, 0, • • • > W^™ -1 ^, 0) is 

the fundamental matrix for D t V = A(t,£)V. Taking the determinant of W-(t,£) in 
(15T5|) . we have, by using (JSHD, ^K(t,0 _1 -> -^(0 _1 (* -> -°°) and |det$(t,£)| = 1, 
that 

|detW_(t,f)| — > Idet^l^T 1 ^0 (t -00). 
Hence there exists a number i < such that 

detiy„(t,O^0 for all t< t - 

Since W-(t,g) satisfies D t W-(t,g) = A(t,£)W-(t,g), it follows from the Abel-Jacobi 
formula that 

detH/_ (t, = detW. (t , f ) exp / tvA(s, £) ds ^ 

J t 

for all £ G M n \ and all tel. It means that W_(i, £) is the fundamental matrix for 
D t U = A(t,£)U. This completes the proof of Proposition 15.11 □ 

Completion of the proof of Theorem Now we are in a position to prove our the- 
orem. Namely, we will find a solution U(t, x) of D t U = A(t, D X )U such that 

(5.7) \\V±(t r )-U(t r )\\ {L 2 {n n )r -+0 (t->±oo). 

Now going back to fl3.ip -( l3^3l) in the proof of Theorem 11.11 (i), we have 

w±(u) =^±(o~^±(t,OD±(o + war 1 - ^±(o~>±(t:OD±(o 

+ ^(t,0" l *(*,0- 
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Thus putting 

m—l 
3=0 

we can decompose U(t,£) into three terms: 

m—l 

u(t,o =v±(t,o + ^rpnur 1 - ^(o -1 )^±(*,ey^(o 

3=0 

m—l 

+ J] ^(t, o-^Ct, 0At(0 _ V^(0. 

3=0 

It can be readily checked that this U(t,£) satisfies D t U(t,£) = A(t,£)U(t,£). Since 
jV(t, £)~ x - and ->• as i — >■ ±oo, we conclude from the 

Plancherel theorem that (I5.7P is true. Moreover, the mapping 

m—l 

W ± : V±(0) ^ 17(0) = [^(0,0^(0^^(0" 

3=0 

is bijective and bounded on (L 2 (R n )) m . The proof of Theorem 11.21 is finished. □ 
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